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Exercise 33

Find the solution of the inhomogeneous equation

1

c2
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utt—um:ksm<>, O<z<a,t>0,
a

u(z,0) =0 =wu(z,0) for0<z<a,
u(0,t) =0 =u(a,t) fort>0.

Solution

This problem can be solved with the Laplace transform since we have initial conditions and ¢ > 0.
It is defined as

L{u(z,t)} =u(z,s) = /0 e Stu(z,t) dt,

which means the derivatives of u with respect to z and t transform as follows.
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2
L {88;;} = s2%u(x, s) — su(z,0) — u(x,0)

Take the Laplace transform of both sides of the PDE.

£{cl2utt —um} = ﬁ{k:sinﬂa—x}

The Laplace transform is a linear operator.

1 . T
gﬁ{utt} — L{Uzy } = ksin %E {1}

Transform the derivatives with the relations above.

1

0—2[521](33, s) — su(z,0) — w(z,0)] —

d%u k . mx
— = —sin —
dr? s a

Substitute the initial conditions, u(x,0) = 0 and u(z,0) = 0.

s duw k. wx

—U— — = —sin —

c2 dz? s a
Multiply both sides by —1.

d*n  s?_ _ k . mx

dx? 02u s St a

The PDE has thus been reduced to an ODE. This ODE is a second-order inhomogeneous
equation, so the general solution for it is the sum of a complementary solution and a particular
solution.

=T, + T,
U is the solution to the associated homogeneous equation,
du. s B
R
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which is - .
U = A(s) cosh — + B(s) sinh —.
c c

Because the inhomogeneous term is sine and only even derivatives are present on the left side, u,
has the form, C7 sin 7*. Plugging this form into the ODE allows us to determine the constant Cj.
We get

C1(627T2 + a252) . TT k . wx ka2c?
a a?c? meTTEe e 7 C1= s(a?s? + 2n?)

Thus, the general solution for u(z, s) is

_ sx .. ST ka®c? .
U;(w, S) = A(S) COSh ? —+ B(S) Slnh ? =+ m Sin ;

Now we use the provided boundary conditions at z = 0 and = a to determine A(s) and B(s).
Take the Laplace transform of both sides of them.

w(0,0) =0 —  L{u(0,8)} = £{0}

@(0,s) =0 (1)
u(a,t) =0 — L{u(a,t)} = L{0}
u(a,s) =0 (2)

Setting x = 0 and = = a and using equations (1) and (2), we have

Thus, the solution reduces to

(3, ) ka?c? sin %
u(r,s) = —5—5——5—5sin —
s(a?s? 4 2m?) a
Now that we have u(z, s), we can change back to u(x,t) by taking the inverse Laplace transform
of it. Before we do so, rewrite the solution in a more convenient form. Start by using partial
fraction decomposition.

ka? 1 kats . T
2 s 72(a?s2 + 2n?)

Factor out a? from the second denominator.

_ <ka2 1 ka® s ) . T
wz,s)=— —-——+ ——55 |sin—

7-‘-2 s 7'('2 82 + 22

Factor ka?/m?.
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Now take the inverse Laplace transform.

1 1| ka? (1 s . T
u(z,t) = L Hu(z,s)} = £ 1{7r2 <8W> sma}

Therefore,
ka? crt\ . 7T
u(z,t) = — (1 — cos — | sin —.

2 a a

This answer is in disagreement with the answer at the back of the book. The factor in front there
is k/c*m?. My answer satisfies the PDE and all initial and boundary conditions, but the book’s

answer does not.
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